
P H Y S I C A L R E V I EW V O L U M E 136, N U M B E R 4B 23 N O V E M BER 1964 

Further Analysis of the Decay * -> e+v+r* 
STANLEY G. BROWN AND SIDNEY A. BLUDMAN 

Physics Department•, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received 13 July 1964) 

We have recalculated the structure-dependent part of the decay w —> e-\-v-\"y, using the conserved vector 
current hypothesis, in order to derive information on the axial-vector-current form factor. Earlier calcula­
tions of Bludman and Young have been extended by including, as a phenomenological parameter, the axial-
vector contribution relative to polar-vector, and by calculating integrals of the decay rate over various 
portions of phase space likely to be measured. The experiments can be analyzed in terms of the xp coupling 
to the axial-vector current. We conclude that the recent experiments of Depommier et ah establish the 
presence of such axial-vector structure contributing to the decay, but that one cannot assign this component 
to a weak-interacting vector meson rather than to strong-interaction structure. 

I. INTRODUCTION 

THE radiative pion decay TT~ —-> l~+v+y (where / 
is e or /x) has been studied as a source of in­

formation on weak-interaction structure by a number 
of authors.1-5 The earlier work by one of us emphasized 
the possibility of distinguishing structure-dependent 
(SD) radiation from uninteresting inner bremsstrah-
lung, and of testing the conserved-vector-current 
hypothesis. With these aims in mind, the simplest 
assumptions were made about the axial-vector-current 
contribution, based upon the idea that nucleons made 
the principal contribution to this current. Since then, 
meson states of lower mass, which are more important, 
have been discovered. The conserved-vector-current 
(CVC) theory has been established, and experiments 
have been performed6 demonstrating the presence of an 
axial-vector contribution. 

The present work is therefore devoted to an analysis 
of the axial-vector-current contribution and of the 
information on it that is obtainable in radiative decay 
experiments. Besides such experiments, the axial-
vector current can also be studied through neutrino 
experiments. 

II. AXIAL-VECTOR-CURRENT CONTRIBUTION 
TO RADIATIVE DECAY 

The radiative decay amplitude can be written 
as a sum of three terms which are separately gauge-
invariant : 

(7^out|7r-) = IB+SDA+SDV, (2.1) 

where IB is the inner bremmstrahlung term, SD A is the 
structurally-dependent axial-vector term, and SDV 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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is the structurally-dependent vector term: 

( m\mv \1/2 

E1EAP0U 

Xm\ + ( l + 7 6 > « , (2.2) 

S D A = ( G / V 2 ) ( T M , ( 0 ) | 7 T ) / , 

SDV=(GA5)<Y|y,(0)|ir>ZM 

(2.3) 

(2.4) 

[Our metric is one in which the fourth component of a 
four-vector is imaginary. P, k, p, Pv and M, 0, m, 0 are 
the four-momenta and masses of w, 7, /, v, respectively. 
eM is the photon polarization vector. Fliv= (2ko)~112 

X (€/«*£>-€,*£„), JPMv=i€M,xpFxp, /„= (ntwv/EiEv)
ll2u{T) 

X7/i(H-75)»W, OM^Iifoy,,—Y/yM). Our units are 
such that e2/4:Tr=a= 1/137, Glfp

2=1.02X10-5.] 
In the above expression, fT is the amplitude for 

nonradiative ir decay, related to the w—±l+v partial-
decay rate by 

Wu= (A2/47r)/xm2[l- (m/tfj. (2.5) 

In (2.3), we exclude the contribution of the one-pion 
intermediate state because this is included in IB. 

The polar- and axial-vector-current matrix elements 

<7| F„(0) \ir) = ia(2P,)-^F.vPv, (2.6) 

<7MAl(0)|7r) = iK2Po)-1/2P„P,, (2.7) 

define form factors a, b, which are functions of the 
momentum transfer s= — (P—k)2, and which are real, 
assuming time reversibility. 

The CVC hypothesis implies1'4'5 

I a(0) I =4(2irTM1 'VV-3/2, (2.8) 

where PF> is the rate of the decay TT° —> 7+7- Neglect­
ing any momentum dependence of a(s)> SDV and IB 
have now been determined. 

In the next section we will sketch what enters into a 
calculation of b (s). First, however, we extend the results 
of Ref. 1 by computing various quantities in terms of a 
phenomenological b(s). 
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In place of FM„ and its dual FpVi we introduce $fiV
+=Fliv—Fflv and $fXV~=Fflv-\-FliP, which are amplitudes for 

positive and negative helicity photons, respectively. In terms of these noninterfering amplitudes and the param­
eter y(s) = b(s)/a(s), Eq. (2.1) reads 

(ylv, OUtj7T~) = 
iGa r / l + 7 \ 

2iV / 2 

/ I + T \ _ (1~y\ + l 

\ 2 / \ 2 / J 

efvtn (mimv\ 
— ) (3>++3>~)«(/) -
iEj L ( 

P,PV lO'txv 

2(2P0)
1'2\E1EJ "V ' L(p-k)(P-k) 4p-kJ 

( 1 + 7 5 > W . (2.9) 

From Eqs. (2.8) and (2.9), the differential decay rate with respect to photon energy k and electron energy E is 

d2W 

dxdy 

2x (m/ixf (1 — m2//x2)" r l-y+ [m ixf -ir 2x(w//i)2(l-mV/x2)n 
= i4 r a a ?+2( l -* ) ( l - f f iVM a )+ 

Lx2 (x+y— 1 — m2/ix2)JL x+y— 1 — OT2/M2 J 

+ ^ S D { ( l + T ) 2 C ^ + 3 ' - l - ( ^ / M ) 2 ] C ( ^ + ^ - l ) ( l - ^ ) - W i " ) 2 ] 

+ ( l - T ) 2 [ l - y + ( V M ) 2 J ( l - ^ ) ( l - 3 ' ) + ( V M ) 2 ] } 

1—^+(w//Ll)2 

+ ^ I 
Lx(x-\-y-

{m/nY "I 
— { ( l + 7 ) [ ( l - * ) ( l - * - y ) + ( m / M ) 2 ] 

1 — m2/irJ 

+ (l-y)tx2-(l-x)(l-x-y)-(m/fx)2~]}, (2.10) 

where x=2k/fi, and y^2E/n have the range 

2 w//u < 7 < 1 + (w//x)2 

l - ( 3 ' / 2 ) - i [ > 2 - 4 ( m / M ) 2 ] 1 ' 2 

< * < l - (y/2)+|Qy2-4(w/ Ju)2]1 /2 (2.11) 

neglected. In what follows, only SD terms will be 
considered, and the approximation (m//j)2^0 will be 
made. 

Equation (2.10) then becomes symmetric between 
electron and neutrino energies y and z^- 2Ev/n=2—x—y: 

and 

Aj 
Wirfa 

^4SD = -

2irm2[\ — (m/jjL)2' 

GYW^o 

/my 
dWsWdxdy=ASD[(l+yy(l-zy(l-x) 

+ ( l - 7 ) 2 ( l - 3 ' ) 2 ( l - x ) ] . (2.14) 

^4lNT — ~ 

4a(27r)3 

Gy?(Wv«Wlvyi* 

(27r)2m[l-(m/ i 

V2 afv /m\2 

(2.12) 

Using TFM„= (1/2.55)X108 sec"17 and W*'= 1016 sec"1,8 

we obtain 
^ 4 S D = 6 9 sec - 1 , 

i4iB = 6300(f»//i)MSD, (2.13) 

-4iNT=160(m//x)MsD. 

For the electron mode, the interaction (INT) terms are 
small compared with SD, except in the region where 
the denominator is small (small x and y, or angle 
between k and p small); in this region, IB will also 
become large, and will dominate over both I N T and SD. 
Thus, for the electron mode, the I N T term may be 

7 W. H. Barkas and A. H. Rosenfeld, University of California 
Radiation Laboratory Report UCRL-8030 Rev. (unpublished). 

8 G. von Dardel, C. Dekkers, R. Mermod, J. D. Van Putten, M. 
Vivargent, G. Weber, and K. Winter, Phys. Letters 4, 51 (1963). 

The terms proportional to ( I + 7 ) 2 and (1—y)2 in 
d2W are due to photons of left and right helicity, 
respectively. These contributions vanish respectively 
for neutrinos and for electrons of maximum energy. 
This is a consequence of the left helicity of the electron 
and the right helicity of the neutrino in x~~ decay. If 
one of the leptons is of maximum energy, then both 
the other lepton and the photon must be emitted in the 
direction opposite to it. Angular-momentum conser­
vation then requires that the photon spin be opposite 
to the total lepton spin. The photon helicity must 
always be the same in sign as that of the lepton op­
positely emitted. Thus, only a left-helicity photon can 
be emitted when the electron is moving antiparallel to 
the photon direction; for the emission of a right-
helicity photon to occur, the neutrino must be moving 
antiparallel to the photon. As a result of this, the 
(1 — y)2 term cannot contribute substantially except 
in the region of small y, where IB dominates. 

In any experiment, the partial decay rate d2Wsv 
integrated over certain energy or angular intervals is 
measured. In obtaining the following formulas, the 
dependence of 7 on s, or the photon energy k> is neg­
lected. From Eq. (2.14), the SD decay rate for all 
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events such that x>X, y> Y is 

f/'L dy{dWsv/dxdy)^ASu{(l-yyUi-XY(l~Yy 

+ ( l+7) 2 jMl -X) 2 ( l -F ) [ l -2X+3XM-2(2X- - l ) r+2F 2 ]} (2.15) 
f o r X + O l . 

The differential decay rate with respect to electron energy and the angle between electron and photon momenta 
d2W/dxdQ has been previously given.9 The differential decay rate per unit solid angle for those events at a given 
angle for which x^ X is 

rx (dWBX>\As 

Jo V dQ, I T 

(1+T)2X3 

-[(35/6)+iX(- 10+35X)+X2(15+20X- (7/4)^) 
2X3(1-XX)3 

+iX3(- (32/3)-30X+8X2- (7/6)X3)+i\4(H4X-3X2+fXs-iX4)] 

(1+7)2 T X2 2 / XX \ n 
+ (l-X)(-35+45X-7X2+X3) ( ln ( l -XX)+ ) 

8X4 L(l-XX)2 X2\ 1-XX/J 
(1-Y)2(1-X)2X3 

- [ - (5/3)+iX(- ( 1 6 / 3 ) - 5 X ) - i X 2 ( - | - 2 X + | X 2 ) ] 
2(1-XX)3X3 

(i-7)2 r x2 2/ xx \-ii 
+ (1-X)2(-10+8X-X2) ln( l -XX)+ ) , 

8X4 L(l-XX)2 X2\ 1-XX/J) 
(2.16) 

where A—sin2 (0/2), d— angle between electron and photon momenta. 
Integrated over all electron energies, we have 

dWQ1>/da= I ^(iWSD/^^)=(^gD/47r){(l+T)TAX-5(420-750X+380X2-47X3) 

+X-6(l-X)(-X3+15X2-45X+35)ln(l-X)]+(l-7)2(l-X)[iX-5(30-39X+10X2) 

+X-6(1-X)(10-8X+X2) ln( l -X)]} . (2.17) 

The (1—y)2 and (1+y)2 terms vanish at X=l (0=180°) and at X=0 (6=0°), respectively, because of angular 
momentum conservation, as previously discussed. 

The total decay rate for all events with X>A (0> © where 2A= 1 —cos©) is 

j d2(dWSv/dtt) = 2w J 2d\(dWBD/dti)= ( ^ S D / 2 ) { ( 1 + T ) 2 K A - 4 ( 1 ~ A ) ( 8 4 - 1 1 4 A + 3 4 A 2 - A 3 ) 

+2A-5( l-A)2(7-6A+A2) ln(l-A)]+(l-7)2[( l~A)2A-4(4-4A+iA2) 

+2A-5(1~A)3(2-A) ln ( l -A) ]} . (2.18) 

III. CONCLUSION 

A. Phenomenological Analysis 

Assuming the validity of the conserved vector-current hypothesis £Eq. (2.8)], an experiment on structure-de­
pendent 7T—> e+v+y is essentially a measurement of the parameter y, i.e., the amount of axial structure. Since 
PTSD depends on (1+y)2 and (1—y)2, a single measurement of the SD radiation leads to an equation quadratic 
in y which has two solutions. One might hope to determine a single y by looking at detailed energy spectra and 
angular distributions, or by measuring the circular polarization of the photon. (The various equations of the 
preceding section may be useful in this respect.) However, this is likely to be difficult since, as previously noted, 
the (1—y)2 contribution is large only in the region where IB is large and dominating the entire SD. This means 
that one is measuring mainly the magnitude of (1+y)2, which will yield two possible y's of different absolute 
values. 

9 Equation (10) in Ref. 1. All the formulas in Ref. 1 from Eq. (9) on are in error and should be corrected by multiplication by a 
factor 2 (i.e., replace Gv2 there by 26V2). If 1/P> = 0.5X1016 sec"1, (dWsD/^0)i8oo/JF^=7.0XlO-8 (1+7)74 sir1. Figure 2 of Ref. 1 
is substantially correct with this value of PPV. 
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For the energy interval studied by Depommier et a/.,6 for example, Eq. (2.15) gives 

^ W S D = [ 5 . 4 X 1 0 - 9 ( 1 + 7 ) 2 + 0 . 4 X 1 0 - 9 ( 1 - T ) 2 ] ^ if W>=0.5X1016 seer1, (3.1) 

^ W S D = [ 1 0 . 9 X 1 0 - 9 ( 1 + 7 ) 2 + 0 . 8 X 1 0 - 9 ( 1 ~ 7 ) 2 ] ^ . if W^= 1X1016 sec"1. (3.2) 

/ / 

/ / 

Depommier et ah quote 

7-1 .0 or -2 .7 if W>== 0.5X1016 seer1, 

7=0.4 or -2 .1 if F > = IX1016 sec"1. (3.3) 

As mentioned above, a single experiment is unable 
to choose between the two possible solutions for 7. 
The fact, emphasized by Depommier et at., that one of 
the 7 values (+0.4) obtained is compatible with a 
weakly interacting vector boson of mass ~ 1400 MeV 
and no strong axial structure, may be suggestive, but 
must be regarded with great caution. Another 7 value 
which fits the same experiment ( — 2.1) is compatible 
with no strong axial structure only if the boson mass is 
«600 MeV.10 More importantly, the abundance of 
meson resonances suggests the possibility of important 
strong interaction contributions to (y\Ap(0) \T). We 
will now estimate how such mesons may contribute. 

B. Strong Interaction Contributions to SDA 

Any analysis of the matrix element (2.7) depends 
upon a knowledge of states n contributing to the weak 
axial-vector current and the electromagnetic coupling 
of these states. The following analysis is in the spirit 
of current pole-dominance weak-interaction calcu­
lations and is meant to be illustrative only. 

We assume, as is reasonable for a vertex function, an 
unsubtracted dispersion relation for (y\Afl(0)\w) or 
(0\Afl(0)\iry), Then the absorptive part is given by 

Abs<0|^|0) |TT7)= - (2TT)4; E»<0M„(0) \n) 

Xn\T\wy)^(P+k-Qn), (3.4) 

where T is the electromagnetic transition operator. 
This weight function receives contributions from 
intermediate states n of J~l+ and T=l, G==— 1 
(assuming normal G-conjugation behavior for the axial-
current operator). 

The recently discovered11 A meson of mass MA = 1090 
MeV decays into 7r+p, and not into K-\-K, so that it 

10 The values of 7 quoted in Ref. 6 if TF^o=0.5Xl016 sec-1 

(1.0, —2.7) yield, with no strong axial structure, boson masses 
of 1000 and 610 MeV, respectively. 

11 G. Goldhaber, J. L. Brown, S. Goldhaber, J. A. Kadyk, B. C. 
Shen, and G. H. Trilling, Phys. Rev. Letters 12, 336 (1964). The 
spin-parity assignment 0~~ is apparently preferred over 1+ accord­
ing to the Dalitz plot analysis by S. U. Chung, O. I. Dahl, L. M. 
Hardy, R. I. Hess et at., Phys. Rev. Letters 12, 621 (1964). 

has G= — l and T=l and spin-parity 0~~, 1+, 2~~. 
Suppose it is 1+, that its width (TA = 150 MeV) can be 
neglected, and that its pole dominates the dispersion 
relation for <0|4M(0) |TTY>. Then if 

(A IT17T7> = ie^PoQor^MA-'AAryF^Q,, (3.5) 

<0M„(0) \A)= {2Q,)~^MA
2AAW (3.6) 

(where Qv and e/ are the momenta and polarization of 
the A meson, and the A's are appropriate coupling 
constants), we obtain 

b(s) = eAAivAA*yM A/(MA
2~s) ~ eAAivAAryMA"1 . (3.7) 

The coupling constant A ^ Y can in turn be related 
to the coupling of the A towp: 

(A I T\TP) = i(SQoPokof/)-ll2MA-1 

X {A^p[(*"• Q) (*'* • 6") - (*" • e'*) (Q• €")] 
+XA„lk"*(ef* •€")]}. (3.8) 

Here k/f and e/ ' are the momentum and polarization 
of the p. The form of (8) assumes conservation of the p 
current (d/J / = 0); it corresponds to: 

(A\jfi>\7r)«AA„l(k".Q)e;*- (*"•€'*)&,] 
+XArplk'*e*-(k">e'*)kl>l9 (3.8a) 

with e"'k" = 0. Form factors AAry, XAvy can be defined 
for (^4|j/m|7r) analogously to (3.8a); these will be 
functions of t^ —k2= — (Q — q)2;AATy(t=0) is the AAiry 

of Eq. (3.5); at t=0, X does not contribute. If we 
further assume 

<p| j / i 0 > = (2ko")-mem>(2yP)-W*, (3-9) 

with YP
2/4tf"~ij12 and use unsubtracted dispersion 

relations for AAT7, XAry, we obtain 

A^ 7 (0 )=A^ p / 2 7 p , (3.10) 

b~eAArpAAiv/2ypMA. (3.11) 

This analysis is intended to suggest that the strongly 
interacting particle contribution to the axial-vector-
current structure may be significant. The experimental 
data establishes the existence of some kind of axial-
vector structure comparable in order of magnitude to 
the polar-vector structure. 

12 M. Gell-Mann, D. Sharp, and W. G. Wagner, Phys. Rev. 
Letters 8, 261 (1962). 


